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Abstract
The numerical prediction of vibrations in buildings due to railway traffic is a complicated problem
where wave propagation in the soil couples the source (railway tunnel or track) and the receiver (building).
This through–soil coupling is often neglected in state–of–the–art numerical models in order to reduce the
computational cost. In this paper, the effect of this simplifying assumption on the accuracy of numerical
predictions is investigated. A coupled finite element – boundary element methodology is employed to
analyze the interaction between a building and a railway tunnel at depth or a ballasted track at the surface
of a homogeneous halfspace, respectively. Three different soil types are considered. It is demonstrated
that the dynamic axle loads can be calculated with reasonable accuracy using an uncoupled strategy in
which through–soil coupling is disregarded. If the transfer functions from source to receiver are considered,
however, large local variations in terms of vibration insertion gain are induced by source–receiver interaction,
reaching up to 10 dB and higher, although the overall wave field is only moderately affected. A global
quantification of the significance of through–soil coupling is made, based on the mean vibrational energy
entering a building. This approach allows assessing the common assumption in seismic engineering that
source–receiver interaction can be neglected if the distance between source and receiver is sufficiently large
compared to the wavelength of waves in the soil. It is observed that the interaction between a source at
depth and a receiver mainly affects the power flow distribution if the distance between source and receiver
is smaller than the dilatational wavelength in the soil. Interaction effects for a railway track at grade are
observed if the source–receiver distance is smaller than six Rayleigh wavelengths. A similar trend is revealed
if the passage of a freight train is considered. The overall influence of dynamic through–soil coupling in
terms of power flow remains limited to 2 dB, but the insertion gain at particular locations can easily reach
10 dB. This is of the same order of magnitude as other sources of uncertainty in the numerical prediction of
railway induced vibrations; this should hence be accounted for when performing vibration predictions.
Keywords: Railway induced vibrations, source–receiver interaction, power flow analysis.
1. Introduction
Railway induced vibrations are an important source of annoyance in the built environment. Vibrations
in buildings (1 − 80Hz) can disturb sensitive equipment and cause discomfort to people, while re–radiated
noise (16− 250Hz) may be perceived when eigenmodes of floors and walls are excited.
The numerical prediction of railway induced vibrations is a complicated problem, involving various
complex physical phenomena such as the generation of dynamic axle loads [1], three–dimensional (3D) wave
propagation in the soil and dynamic soil–structure interaction (SSI) [2, 3]. In the past decades, several
numerical models have been developed; the current state–of–the–art includes semi–analytical [4, 5], finite–
infinite element [6] and coupled finite element – boundary element (FE–BE) [1, 3] models. Computational
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restrictions as well as the lack of knowledge on appropriate model parameters necessitate the introduction
of simplifying assumptions in these models. For instance, the assumption of translational invariance or
periodicity along the longitudinal direction of a railway tunnel or track is commonly made, allowing for
efficient two–and–a–half–dimensional (2.5D) or periodic formulations in the frequency–wavenumber domain
[7, 8]. Furthermore, the soil is usually assumed to be horizontally layered and to behave as a linear elastic
isotropic medium, while a perfect contact at the soil–structure interfaces is imposed and the presence of
nearby structures is neglected. Some of these assumptions are violated in reality, however, and it is therefore
important to investigate to which extent these assumptions affect the accuracy of numerical predictions.
Several deviations from standard conditions have been recently considered, such as the effect of an inclined
soil stratification [9], soil inhomogeneities [10], non–linear soil behaviour [11], ballast layer solidification [12],
the interaction between neighbouring tunnels [13], and the presence of voids at the tunnel–soil interface [14].
In the majority of the numerical models, dynamic SSI at the source (railway tunnel or track) and
at the receiver (building) are assumed to be uncoupled, disregarding through–soil coupling of source and
receiver. Such an uncoupled approach is well established in seismic engineering, where the distance between
source and receiver is sufficiently large compared to the wavelength of waves in the soil, especially in case
of far–fault ground motions [15, 16]. Although dynamic through–soil coupling of adjacent structures is
receiving increasing attention in the literature (e.g. the interaction of rigid [17, 18] and flexible [19, 20]
surface foundations, pile–soil–pile interaction [21] and city site effects [22, 23, 24]), limited attention has
been paid so far, however, to source–receiver interaction in the case of railway induced vibrations [25].
Stupazzini and Paolucci [26] present a case where the coupling between an eight–storey building and a
surface or underground railway line is taken into account using the spectral element method. In dense
urban areas, the distance between source and receiver indeed is of the same order of magnitude as the
wavelength in the soil in the frequency range of interest. An example is the recently constructed HST–
tunnel in Antwerp (Belgium) which, at certain locations, is situated at a distance of only 4m from building
foundations [27]; in Chengdu (China), a new museum and subway line are planned within a distance of
20m [28]. It is likely that through–soil coupling of source and receiver will alter the propagation of waves
in these cases; the validity of uncoupled numerical models therefore requires further investigation.
The aim of this paper is hence to quantify and assess the influence of source–receiver interaction on the
numerical prediction of railway induced vibrations. The paper is organized as follows. Section 2 summarizes
the governing equations and identifies which variables are possibly affected by source–receiver interaction.
Two case studies are subsequently discussed, which are evaluated by means of a 2.5D coupled FE–BE
methodology. Section 3 focuses on the interaction between a railway tunnel and a four storey portal frame;
three different soil types and two different foundation designs are considered. Both local and global indicators
are introduced to characterize the effect of source–receiver interaction on the dynamic axle loads and the
transfer functions from tunnel to building. The second case study in section 4 involves a railway track at
grade; transfer functions as well as vibrations due to the passage of a freight train are discussed. Concluding
remarks are formulated in section 5.
2. Numerical prediction of railway induced vibrations
Figure 1 gives an overview of a general source–receiver interaction problem, involving a railway tunnel
and a building. The numerical prediction of railway induced vibrations requires the computation of the
response to moving loads, the determination of the dynamic axle loads, and the solution of the dynamic
SSI problem for the calculation of the transfer functions from source (tunnel) to receiver (building) [1, 29].
Although the governing equations of each subproblem are well known [1, 29], they are summarized in this
section to identify quantities of interest that might be affected by source–receiver interaction.
2.1. Response due to moving loads
The coupled tunnel–soil–building system shown in figure 1 is subjected to multiple moving loads acting
on the rails. In a fixed frame of reference, the body load ρb(x, t) resulting from n axle loads in the vertical
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Figure 1: Dynamic soil–structure interaction problem, coupling the source Ωt (tunnel) and receiver Ωb (building) through wave
propagation in the soil domain Ωs. The soil–structure interfaces are denoted as Σt and Σb, respectively.
direction ez and moving at a constant speed v in the direction ey can be written as [1]:
ρb(x, t) =
n∑
k=1
δ (x− xk0) δ (y − yk0 − vt) δ (z − zk0) gk(t)ez (1)
where xk0 = {xk0, yk0, zk0}
T and gk(t) indicate the initial position and the time history of the k
th axle
load, respectively. A Fourier transform applied to equation (1) allows to obtain the frequency domain
representation ρbˆ(x, ω) of the body load [30], where a hat above a variable denotes its representation in
the frequency domain. The vibration response uˆi(x, ω) at an arbitrary receiver x due to the moving loads
is calculated as the superposition of the load distribution along the source line and can be formulated as
follows [30]:
uˆi(x, ω) =
n∑
k=1
∫ +∞
−∞
gk(τ)hˆzi (x
′
k(τ),x, ω) exp (−iωτ) dτ (2)
hˆzi (x
′,x, ω) is the transfer function, representing the displacement at a location x in the direction ei due
to a unit harmonic load applied at a location x′ in the direction ez, while τ = (y
′ − yk0)/v. Equation (2)
indicates that the response due to the moving loads can be calculated from the time history gk(t) of the
axle loads and the transfer functions hˆzi (x
′,x, ω).
Assuming translational invariance of the geometry in the longitudinal direction ey allows to write the
transfer function hˆzi (xk0, yk0 + vτ, zk0, x, y, z, ω) as hˆzi (xk0, 0, zk0, x, y − yk0 − vτ, z, ω). Equation (2) can
subsequently be simplified using a Fourier transform from the coordinate y to the wavenumber ky [1],
resulting in the following expression in the frequency–wavenumber domain [1]:
u˜i(x, ky , z, ω) =
n∑
k=1
gˆk(ω − kyv)h˜zi (xk0, 0, zk0, x, ky, z, ω) exp (ikyyk0) (3)
where a tilde above a variable denotes its representation in the frequency–wavenumber domain. Equation (3)
clearly illustrates that the response in the frequency–wavenumber domain is the product of the (shifted)
frequency spectrum of the axle loads (accounting for the Doppler effect) and the transfer functions. The
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response in the frequency–spatial domain can be found by means of an inverse Fourier from the wavenumber
ky to the longitudinal coordinate y, using an efficient Filon quadrature scheme [31].
2.2. Axle loads
Random excitation due to rail and wheel roughness is one of the main excitation mechanisms giving rise
to dynamic forces on the track [32]. The dynamic axle loads gˆ(ω) originating from the unevenness uˆw/r(ω)
experienced by the vehicle at the vehicle–rail contact points can be calculated in the frequency domain using
a compliance formulation in a moving frame of reference, based on the vehicle and track compliance matrices
Cˆv(ω) and Cˆtr(ω) [1]: [
Cˆv(ω) + Cˆtr(ω)
]
gˆ(ω) = −uˆw/r(ω) (4)
where the vector gˆ(ω) collects the n axle loads gˆk(ω). The vehicle compliance Cˆ
v(ω) is usually computed by
modelling the vehicle as a multi–body system, possibly accounting for the wheels, axles, bogies and coaches.
Each element Cˆvij(ω) of this compliance matrix represents the displacements at the vehicle–rail contact point
i due to a unit harmonic load at the contact point j. The frequency spectrum of the rail unevenness uˆw/r(ω)
is calculated from the wavenumber representation u˜w/r(ky) of the unevenness profile uw/r(y) and the initial
axle positions xk0. The elements Cˆ
tr
ij (ω) of the track compliance matrix Cˆ
tr(ω) can be calculated in a moving
frame of reference based on the frequency–wavenumber domain transfer function h˜zz(xj , 0, zj, xi, ky, zi, ω),
which represent the vertical displacement of the rail due to a unit harmonic vertical load on the rail [1]:
Cˆtrij (ω − kyv) =
1
2π
∫ +∞
−∞
h˜zz(xj , 0, zj, xi, ky, zi, ω)exp (−iky (yi − yj)) dky (5)
In case of a low train speed compared to the critical wave speeds in the tunnel–soil–building system, however,
a calculation of the track compliance Cˆtrij (ω) in a fixed frame of reference is sufficiently accurate [30]. Equa-
tion (5) indicates that the track compliance Cˆtr(ω) (and consequently the generation of the dynamic axle
loads gˆ(ω)) depends on the transfer functions and might hence be affected by source–receiver interaction.
2.3. Transfer functions
The calculation of the vibration response u˜i(x, ky , z, ω) at a receiver x and the determination of the track
compliance matrix Cˆtr(ω) according to equations (3) and (5), respectively, requires the computation of the
transfer functions h˜zi (x
′, 0, z′, x, ky, z, ω). These transfer functions are computed by means of a coupled FE–
BE methodology based on a subdomain formulation, accounting for dynamic SSI. The structural domains
are modelled by means of finite elements, while boundary elements on the soil–structure interfaces are used
to model the soil domain Ωs (figure 1). Green’s functions for a horizontally layered halfspace are employed
as fundamental solutions in the BE formulation [33, 34]. As indicated in subsection 2.1, the translational
invariance of the geometry in the longitudinal direction is exploited to formulate the governing equations
in the frequency–wavenumber domain, resulting in a computationally efficient 2.5D approach. An extensive
discussion of the 2.5D coupled FE–BE methodology can be found in [8]. In the following, the dependence
of the displacement on the receiver coordinates x and z and the dependence of the transfer functions on the
source coordinates x′ and z′ and the receiver coordinates x and z will be omitted for brevity.
If a railway tunnel and building are considered as in figure 1, the governing set of FE–BE equations
reads as follows:([
K˜t(ky , ω) 0
0 K˜b(ky , ω)
]
− ω2
[
Mt 0
0 Mb
]
+
[
K˜stt(ky, ω) K˜
s
tb(ky , ω)
K˜sbt(ky , ω) K˜
s
bb(ky, ω)
]){
u˜t(ky, ω)
u˜b(ky, ω)
}
=
{
f˜ t(ky , ω)
0
}
(6)
u˜t(ky, ω) and u˜b(ky, ω) collect the nodal degrees of freedom of the tunnel and the building, while K˜t(ky, ω),
K˜b(ky , ω), Mt and Mb represent the finite element stiffness and mass matrices. The matrices K˜
s
ij(ky, ω)
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are dynamic soil stiffness matrices (with indices i and j indicating ‘t’ or ‘b’), with the off–diagonal terms
K˜stb(ky , ω) and K˜
s
bt(ky , ω) accounting for through–soil coupling of tunnel and building; the force vector
f˜ t(ky, ω) results from the external loading on the tunnel. Solving equation (6) allows for the computation
of the required transfer functions h˜zi (ky, ω) in the frequency–wavenumber domain.
The dynamic soil stiffness matrices K˜ij(ky , ω) in equation (6) are calculated by means of the BE method,
which is used to evaluate soil tractions t˜s(ky, ω) on the soil–structure interface Σi due to imposed displace-
ments on the soil–structure interface Σj [8]:
K˜ij(ky , ω) =
∫
Σi
NTi Nit˜s (Nj) (ky , ω) dΓ =
∫
Σi
NTi NiU˜
−1(ky , ω)
[
T˜(ky, ω) + I
]
Nj dΓ (7)
whereNi andNj are shape functions on Σi and Σj . U˜(ky, ω) and T˜(ky , ω) are BE system matrices, requiring
integration of the Green’s displacements and tractions, respectively. The BE model is based on a regularized
boundary integral equation which avoids the evaluation of Cauchy principal value (CPV) integrals of the
strongly singular Green’s tractions [8]. This regularization is based on the fact that the singularity of the
static and dynamic fundamental solutions at the source point correspond [35]. In order to mitigate the
occurrence of fictitious eigenfrequencies in the application of the BE method to external wave propagation
problems, the Combined Helmholtz Integral Equation Formulation (CHIEF) proposed by Schenk [36] is
employed.
The collocation matrices U˜(ky, ω) and T˜(ky, ω) are fully populated and unsymmetric, however, resulting
in stringent memory and CPU requirements: a quadratic amount of memory (with respect to the number of
degrees of freedom) is required to store these matrices, while direct numerical solvers require a cubic amount
of numerical operations to solve the corresponding set of BE equations. Furthermore, dense unsymmetric
dynamic soil stiffness matrices K˜sij(ky , ω) strongly affect the sparsity of the FE–BE system, reducing the
efficiency of sparse finite element solvers when applied to equation (6). This indicates that a significant
computational effort is needed to assemble and solve the coupled set of equations (6) in order to fully
account for through–soil coupling of source and receiver.
It is therefore often preferred to enhance the efficiency of numerical models by disregarding the off–
diagonal soil stiffness matrices K˜stb(ky, ω) and K˜
s
bt(ky , ω) in the FE–BE equation (6), resulting in an uncou-
pled two–step approach. In the first step, only the tunnel–soil system is considered and the presence of the
building is neglected. The governing set of FE–BE equations hence reads as follows:[
K˜t(ky, ω)− ω
2Mt + K˜
s
t(ky, ω)
]
u˜t(ky , ω) = f˜ t(ky, ω) (8)
The dynamic soil stiffness matrix K˜st(ky, ω) in equation (8) corresponds to K˜
s
tt(ky, ω) in equation (6).
From a computational point of view, however, these matrices slightly differ due to the global regularization
procedure employed in the BE method, which involves the rigid body motion of the entire BE mesh [8]. This
regularization affects the computation of the weakly singular boundary integrals. As a result, the entries
of the 3× 3 block diagonal of the BE matrix T˜(ky, ω) (and consequently K˜
s
t(ky , ω) and K˜
s
tt(ky, ω)) are not
the same, although the differences are very small. Solving equation (8) provides the tunnel displacements
u˜t(ky, ω). The BE equations allow to retrieve the tractions t˜t(ky , ω) at the tunnel–soil interface, which
are used to evaluate the radiated wavefield in the soil u˜s(ky, ω) through the discretized boundary integral
equation [8]:
u˜s(ky , ω) = U˜s(ky , ω)t˜t(ky, ω)− T˜s(ky , ω)u˜t(ky, ω) (9)
where U˜s(ky, ω) and T˜s(ky, ω) are BE transfer matrices. The response of the building is subsequently
determined in the second step:[
K˜b(ky, ω)− ω
2Mb + K˜
s
b(ky , ω)
]
u˜b(ky , ω) = f˜
s
b(u˜s)(ky , ω) (10)
The force vector f˜
s
b(u˜s)(ky, ω) denotes the dynamic SSI forces at the building–soil interface Σb resulting
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from the incident wavefield u˜s(ky , ω):
f˜
s
b(u˜s)(ky , ω) =
∫
Σb
NTbNbU˜
−1(ky, ω)u˜s(ky , ω) dΓ (11)
where the BE system matrix U˜(ky, ω) is determined based on a BE discretization of the interface Σb; only
a one–way coupling of source and receiver is provided in this approach. The calculation of a force vector
resulting from an incident wavefield by means of the 2.5D FE–BE methodology is discussed in more detail
in [37]. Solving equation (10) finally gives the building displacements u˜b(ky , ω).
The uncoupled strategy outlined in equations (8)–(10) enables a more efficient solution of the dynamic
SSI problem and is therefore generally favoured in numerical models [1, 7], both for the determination of
the track compliance Cˆtr(ω) as well as for the calculation of the transfer functions h˜zi (ky, ω). Through–soil
coupling of source and receiver is, however, not rigorously accounted for in this approach. The influence of
this approximation on Cˆtr(ω) and h˜zi (ky, ω) will be investigated in sections 3 and 4.
3. Dynamic interaction between a railway tunnel and a building
3.1. Case description
A case study involving a railway tunnel situated under a building is analyzed in this section. A cross
section of the tunnel and the building is shown in figure 2.
(a)
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z
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Figure 2: Railway tunnel Ωt situated at a depth Dt below a four storey portal frame Ωb founded (a) on three embedded
strip foundations and (b) on a box foundation. A unit harmonic vertical point load is applied to the tunnel invert at x =
{0m, 0m,−Dt − dt/2 + tt}T.
The concrete tunnel has a circular cross section and is embedded in a homogeneous linear elastic halfspace,
with its centre situated at a depth Dt below the free surface. The tunnel has an outer diameter dt = 5.75m
6
and a wall thickness tt = 0.25m. The concrete has a Young’s modulus Et = 50GPa, a Poisson’s ratio
νt = 0.30, a density ρt = 2500 kg/m
3 and a hysteretic material damping ratio βt = 0.025. There is no
track incorporated in the tunnel model. The building is a four storey portal frame (subscript ‘pf’) consisting
of four floors and two spans, with a total width wpf = 12m and a total height hpf = 12m. The wall
thickness equals tpf,w = 0.25m, while the thickness of the slabs is equal to tpf,s = 0.20m. The walls and
slabs are made of reinforced concrete with a Young’s modulus Epf = 30GPa, a Poisson’s ratio νpf = 0.30,
a density ρpf = 2500 kg/m
3 and a hysteretic material damping ratio βpf = 0.03. The portal frame is either
founded on three embedded strip foundations (figure 2a) or on a box foundation (figure 2b). The 2.5D
methodology discussed in section 2 is applied for both the tunnel and the building, implying that a building
with continuous walls and slabs is modelled. The number of the finite and boundary elements is adjusted to
provide ten elements per shear wavelength at the highest frequency of interest (80Hz). It has been verified
that this suffices to obtain accurate results.
In order to investigate the influence of the soil properties, three different soil types are examined, repre-
senting a soft, medium and stiff soil in dry conditions. The dynamic soil characteristics are summarized in
table 1.
Type Cs Cp βs βp ρ
[m/s] [m/s] [–] [–] [kg/m3]
Soft 100 200 0.03 0.03 1800
Medium 200 400 0.03 0.03 1800
Stiff 300 600 0.03 0.03 1800
Table 1: Dynamic soil characteristics.
3.2. Vibration insertion gain
The interaction of a tunnel embedded in a soft soil (table 1) situated at a depth Dt = 5m with a portal
frame founded on three embedded strip foundations (figure 2a) is first analyzed. Each of the strip foundations
(subscript ‘sf’) has a width wsf = 1m, a height hsf = 0.5m and the following material parameters: Esf =
33.3GPa, νsf = 0.20, ρsf = 2500 kg/m
3 and βsf = 0.03. Discretization results in 384 FE and 288 BE degrees
of freedom (DOFs) for the tunnel as well as 1581 FE and 252 BE DOFs for the building, respectively.
All calculations presented in this section have been performed on Intel R© Xeon R© E5520 (2.26 GHz) CPUs.
An uncoupled calculation takes 4.1 h per frequency, while 6.6 h per frequency is required if source–receiver
interaction is accounted for. As the 2.5D equations are solved independently for each wavenumber ky in the
frequency–wavenumber domain, the calculations can easily be parallelized. The use of MATLAB’s Parallel
Computing Toolbox [38] allows for a distributed computation on eight cores, leading to a speed–up by a
factor that is slightly less than eight (due to the communication overhead). The actual computation times
are hence 32.6min and 52.4min per frequency for the uncoupled and coupled model, respectively.
Through–soil coupling of source and receiver might affect the track compliance Cˆtr(ω) and hence, accord-
ing to equation (4), the dynamic axle loads gˆ(ω). Figure 3 shows the vertical tunnel displacement uˆt(x, ω)
due to vertical harmonic excitation at x = {0m, 0m,−Dt − dt/2 + tt}
T within a frequency range between
0Hz and 80Hz. Both the uncoupled and coupled methodologies outlined in the previous subsection are
employed and it is clear that the presence of the building does not significantly modify the result, although
small deviations can be observed at low frequencies. This result implies that the track compliance Cˆtr(ω)
and the dynamic axle loads gˆ(ω), can be calculated with reasonable accuracy using an uncoupled strategy
in which through–soil coupling is disregarded.
Next, the transfer functions from tunnel to building are considered. Figures 4a and 4b show the real
part of the vertical displacement uˆz(x, ω) at 25Hz as obtained with the uncoupled and coupled approach,
respectively, due to vertical harmonic excitation of the tunnel at {0m, 0m,−Dt − dt/2 + tt}
T.
A visual comparison of figures 4a and 4b indicates that source–receiver interaction at 25Hz modestly
affects the displacements in the soil and in the building. The interaction effect can be quantified by means
of the vibration insertion gain ÎGi(x, ω) in the direction ei (i = x, y, z) at a specific location x in the soil
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Figure 3: (a) Modulus and (b) phase of the vertical tunnel displacement uˆt(x, ω) due to vertical harmonic excitation in the
tunnel at x = {0m, 0m,−Dt − dt/2 + tt}T, calculated with the uncoupled (solid black line) and coupled (dashed grey line)
approach. The tunnel is embedded in a soft soil and situated at a depth Dt = 5m below the free surface.
or in the building, which compares the vibration levels obtained with the uncoupled (superscript ‘u’) and
coupled (superscript ‘c’):
ÎGi(x, ω) = 20 log10
|uˆci(x, ω)|
|uˆui (x, ω)|
(12)
Figure 4c shows the vertical insertion gain ÎGz(x, ω) at 25Hz. The coupling seems to mainly shift the zones
of high or low response, resulting in considerable spatial variation of the insertion gain both in the soil and
the building, reaching up to 10 dB and higher. A strong spatial variation is also observed if insertion gains
ÎGx(x, ω) and ÎGy(x, ω) are considered, but there is no clear correspondence between these insertion gains
at a certain location x.
Figure 5 shows the real part of the vertical displacement uˆz(x, ω) as obtained with the uncoupled and
coupled approach at a frequency of 75Hz; a different colour scale is used in comparison with figure 4.
The displacements are very similar in the uncoupled and coupled approach, suggesting that source–receiver
interaction is negligible at this frequency. The vertical insertion gain ÎGz(x, ω) is shown in figure 5c.
Although the insertion gain is close to 0 dB at many locations of the considered spatial domain, large local
deviations up to 10 dB are observed as well, both in the soil and in the building. This can be attributed to
the fact that the wave fronts in both approaches are slightly shifted relatively to each other.
Figures 4–5c indicate that the insertion gain highly depends on the location x. This is illustrated in more
detail in figure 6, in which insertion gains ÎGi(x, ω) are shown as a grey patch for locations x corresponding
to a grid of points located on the first floor of the four storey portal frame, within a range from y = −10m
to y = +10m. The spatial variability is clearly apparent in this figure; the dependence of the insertion gains
on the direction ei is also demonstrated.
Figures 4–6 reveal that the vibration insertion gain ÎGi(x, ω) strongly depends on the location x and
the direction ei. A global quantifier which eliminates this dependency is therefore considered as well in this
paper. A common approach to evaluate global variations in acoustic measurements or numerical simulations
is to compare spatially averaged sound pressure fields in a specific room [39]. Applying a spatial averaging
procedure to the source–receiver interaction problem under consideration is, however, less appropriate, as
the selection of an averaging area would be rather arbitrary. Furthermore, the dependence on the direction ei
would remain. An alternative power flow approach [40, 41] is therefore introduced in the following subsection
as a global measure for through–soil coupling of source and receiver.
3.3. Power flow insertion gain
The basic principles of power flow analysis are briefly summarized in this subsection. The reader is
referred to the literature [42, 43] for a detailed description of the methodology.
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Figure 4: Real part of the vertical soil and building displacement uˆz(x, ω) due to vertical harmonic excitation in the tunnel at
{0m, 0m,−Dt − dt/2 + tt}T at a frequency of 25Hz as obtained with (a) the uncoupled and (b) the coupled approach, and
(c) the corresponding insertion gain ÎGz(x, ω). The tunnel is embedded in a soft soil and situated at a depth Dt = 5m below
the free surface.
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Figure 5: Real part of the vertical soil and building displacement uˆz(x, ω) due to vertical harmonic excitation in the tunnel at
{0m, 0m,−Dt − dt/2 + tt}T at a frequency of 75Hz as obtained with (a) the uncoupled and (b) the coupled approach, and
(c) the corresponding insertion gain ÎGz(x, ω). The tunnel is embedded in a soft soil and situated at a depth Dt = 5m below
the free surface.
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Figure 6: Vibration insertion gains (a) ÎGx(x, ω), (b) ÎGy(x, ω) and (c) ÎGz(x, ω) on the first floor of the four storey portal
frame founded on three embedded strip foundations in a range y ∈ [−10m, 10m] (grey patch). Superimposed is the power flow
insertion gain P̂FIG(ω) (black line).
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Consider an infinitesimal surface dΓ through an arbitrary point Q of a continuum Ω, characterized by
its unit outward normal vector n (figure 7). Time dependent tractions tn(t) are acting on this surface. The
Q
dΓ
tn(t)
n
v(t)
in out
Figure 7: Infinitesimal surface dΓ with a unit outward normal n through an arbitrary point Q of a continuum Ω.
instantaneous power flow pn(t) through dΓ at time t is the rate of work performed by the tractions tn(t),
defined as the inner product of the traction vector tn(t) and the velocity vector v(t) [42, 43]:
pn(t) = −tn(t) · v(t) (13)
where the velocity vector v(t) is defined as v(t) = ∂u(t)/∂t. A positive inner product of tn(t) and v(t)
corresponds to the transmission of energy per unit of time through the surface dΓ from the outer to the
inner side, as defined in figure 7 [44]; the minus sign in equation (13) thus ensures a positive power flow pn(t)
from the inner to the outer side. The instantaneous power flow can be rewritten by introducing Cauchy’s
formula in equation (13):
pn(t) = −(σ(t) · n) · v(t) = (−σT(t) · v(t)) · n = p(t) · n (14)
where p(t) represents the instantaneous power flow density vector [44]. Equation (14) allows to determine
the power flow through an arbitrary plane characterized by a unit outward normal vector n from the power
flow through three mutually perpendicular planes.
The mean power flow density vector 〈pˆ(ω)〉 is the time average of p(t) over a period of vibration 2π/ω
and can be expressed in terms of the complex quantities σˆ(ω) and uˆ(ω) [42]:
〈pˆ(ω)〉 = −
1
2
Re(σˆ⋆(ω) · vˆ(ω)) = −
1
2
Re(iωσˆ⋆(ω) · uˆ(ω)) (15)
where ⋆ indicates the complex conjugate. Equation (15) is valid for a continuum; expressions for the
instantaneous and mean power flow density vector in a Timoshenko beam and a thin plate can be found in
[45] and [46], respectively. The total mean power flow
〈
Pˆ (Γ, ω)
〉
through a surface Γ is finally calculated
as: 〈
Pˆ (Γ, ω)
〉
=
∫
Γ
〈pˆn(ω)〉 dΓ =
∫
Γ
〈pˆ(ω)〉 · n dΓ (16)
The power flow concept allows introducing power flow insertion gain P̂FIG(ω) as a global indicator for
source–receiver interaction:
P̂FIG(ω) = 10 log10
〈
Pˆ c(Σb, ω)
〉
〈
Pˆ u(Σb, ω)
〉 (17)
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where
〈
Pˆ (Σb, ω)
〉
denotes the total mean power flowing into the building through the soil–building interface
Σb (i.e. through the three soil–foundation interfaces indicated on figure 2). This provides a global measure
to characterize the significance of through–soil coupling in numerical models, based on the mean vibrational
energy entering a structure driving all internal structural vibrations and re–radiated noise [47]. A change of
the amount of power flowing into the building caused by through–soil coupling is thus of main interest for the
evaluation of source–receiver interaction. It must be emphasized, however, that the power flow approach is
introduced here in order to make a global comparison of results obtained with two numerical methodologies
(i.e. coupled vs. uncoupled).
In figure 6, the P̂FIG(ω) is superimposed on the insertion gains ÎGi(x, ω). The P̂FIG(ω) varies around
±2 dB in the lower frequency range, while the influence of source–receiver interaction seems to be negligible
at higher frequencies. The spatial and directional variation are removed through this approach, as a single
value per frequency is obtained.
Power flow provides additional insight in the physical behaviour, as it allows to identify the dominant
vibration transmission paths. Figure 8 shows the mean power flow per unit length through the tunnel–soil
interface as a function of the longitudinal coordinate and the frequency, where positive values correspond to
the transmission of energy from the tunnel into the soil (cfr. equation (13)). This figure clearly illustrates
that the power flow distribution around the tunnel is not affected by the presence of the building in the
frequency range of interest, as could be expected from figure 3.
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Figure 8: Mean power flow per unit length through the tunnel–soil interface due to vertical harmonic excitation in the tunnel
at x = {0m, 0m,−Dt − dt/2 + tt}T, calculated with the (a) uncoupled and (b) coupled approach. The tunnel is embedded in
a soft soil and situated at a depth Dt = 5m below the free surface.
Figure 9 shows the mean power flow per unit length through the soil–foundation interface of the middle
strip foundation as a function of the longitudinal coordinate and the frequency. Positive values indicate the
transmission of energy from the soil into the foundations. Results obtained with the uncoupled and coupled
approach are compared, revealing that through–soil coupling of source and receiver moderately affects the
power flow distribution through the soil–foundation interfaces at low frequencies. Source–receiver interaction
has only a minor influence at higher frequencies, however.
3.4. Parametric study
The power flow approach can now be employed to assess the significance of source–receiver interaction
for different tunnel depths and soil types. Figure 10 shows the P̂FIG(ω) in a frequency range from 0Hz to
80Hz for tunnel depths Dt varying from 5m to 25m, and for the three soil types outlined in table 1. The
minimal distance between the tunnel roof and the strip foundations is denoted as D = Dt − dt/2 − hsf .
It is often assumed in seismic engineering that source–receiver interaction can be neglected if the distance
between source and receiver is sufficiently large compared to the wavelength of waves in the soil [15, 16]. This
intuitive idea is assessed in figure 10 by superimposing lines at which the distance D equals the dilatational
13
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Figure 9: Mean power flow per unit length through the soil–foundation interface of the middle strip foundation due to vertical
harmonic excitation in the tunnel at x = {0m, 0m,−Dt − dt/2 + tt}T, calculated with the (a) uncoupled and (b) coupled
approach. The tunnel is embedded in a soft soil and situated at a depth Dt = 5m below the free surface.
wavelength λp in the soil, i.e. ω = 2πCp/D . The P̂FIG(ω) tends to 0 dB above these lines, indicating that the
uncoupled approach indeed yields the same result as the coupled approach if the distance D between source
and receiver is larger than the dilatational wavelength λp. An increasing deviation up to ±2 dB between
the coupled and uncoupled approach can be observed below the lines, as the distance D is smaller than
the wavelength λp. The uncoupling does, however, not systematically result in an under– or overestimation
of the total mean power entering the building; this strongly depends on the tunnel depth, the soil type
and the frequency considered. Although the different regions in the contour plots are not very sharply
delimited, these results nevertheless suggest that the rule of thumb commonly applied in seismic engineering
also applies to the prediction of railway induced vibrations.
The influence of source–receiver interaction is also investigated for an alternative foundation design.
Figure 2b shows the four storey portal frame founded on a box foundation (subscript ‘bf’) with width
wbf = 12m, height hbf = 1m and thickness tbf = 0.30m; the soil–foundation interface is thus larger than for
the strip foundations previously considered. The same material properties as for the strip foundations are
used. The total mean power flowing into the building in case of harmonic excitation at x = {0m, 0m,−Dt−
dt/2 + tt}
T of a tunnel embedded in a soft soil situated at a depth Dt = 5m is shown in figure 11b. The
net power input is up to 8 dB higher than in the case where the building on embedded strip foundations is
considered (figure 11a). Figure 11b indicates, however, that the significance of through–soil coupling also
remains limited to ±2 dB in the case of a box foundation, although the effect is slightly more pronounced
than in case of embedded strip foundations.
The observed deviations of ±2 dB are relatively small compared to other sources of uncertainty, such
as small variations of soil characteristics [9, 10, 48], the interaction between neighbouring tunnels [13], or
the presence of voids at the tunnel–soil interface [14]. This suggests that accounting for source–receiver
interaction does not significantly improve the accuracy of vibration predictions. Nevertheless, if insertion
gains ÎGi(x, ω) at particular locations are considered, the source–receiver interaction effects can easily reach
10 dB in the frequency range of interest. This is of the same order of magnitude as other sources of
uncertainty; this should be beared in mind when performing vibration predictions.
4. Dynamic interaction between a railway track at grade and a building
4.1. Case description
In this section, a conventional ballasted railway track at the surface of the halfspace is considered, as
shown in figure 12. Dt indicates the distance between the centre of the track and the right wall of the building.
The track consists of UIC 60 rails supported by rail pads on concrete sleepers, which are founded on a ballast
layer. The rails are modelled as Euler-Bernoulli beams with a bending stiffness ErIr = 6.4× 10
6 Nm2 and
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Figure 10: Power flow insertion gain P̂FIG(ω) for a building founded on three embedded strip foundations in case of a (a) soft,
(b) medium, and (c) stiff soil. The tunnel depth Dt varies from 5m to 25m.
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Figure 11: Total mean power flowing into the building founded (a) on three embedded strip foundations and (b) on a box
foundation due to vertical harmonic excitation in the tunnel at x = {0m, 0m,−Dt−dt/2+tt}T, calculated with the uncoupled
(black line) and coupled (grey line) approach. The tunnel is embedded in a soft soil and situated at a depth Dt = 5m below
the free surface.
a mass per unit length ρrAr = 60 kg/m for each rail. A standard track gauge of 1.435m is considered.
The rail pads have a stiffness krp = 300 × 10
6N/m and a damping coefficient crp = 3.5 × 10
3Ns/m.
The following sleeper characteristics are considered: a length lsl = 2.60m, a width bsl = 0.25m, a height
hsl = 0.20m (under the rail), a sleeper distance dsl = 0.60m and a mass msl = 325 kg. An equivalent
continuous model is employed based on the equivalent rail pad stiffness krp = krp/dsl, damping coefficient
crp = crp/dsl and uniformly distributed sleeper mass msl = msl/dsl per unit length. The ballast layer has a
thickness t = 0.30m and a width wt varying linearly with depth from 3.60m under the sleepers to 5.60m at
the track–soil interface. The ballast is characterized by a shear wave velocity Cs = 300m/s, a dilatational
wave velocity Cp = 600m/s, a density ρ = 2000 kg/m
3 and a material damping ratio βs = βp = 0.020 in
both deviatoric and volumetric deformation.
The same building as introduced in section 3 is considered at the receiver side (i.e. a four storey por-
tal frame founded on embedded strip foundations), while all three soil types summarized in table 1 are
investigated. The source consists of a unit harmonic vertical point load applied to the left rail at y = 0m.
4.2. Numerical results
It is first verified whether the track compliance Cˆtr(ω) (and the generation of dynamic axle loads gˆ(ω)) is
affected by source–receiver interaction. Figure 13 shows the rail receptance uˆr(y = 0m, ω) for a railway track
on a soft soil (table 1) and aligned along x = 15m (figure 12); the distance Dt thus equals 9m. It is clearly
illustrated that the rail receptance is not modified by disregarding the presence of the building, suggesting
that an uncoupled calculation suffices for the determination of the dynamic axle loads. Discretization of the
track results in 1473 FE and 267 BE DOFs. An uncoupled calculation takes 4.6min per frequency, while
11.5min per frequency is required if source–receiver interaction is accounted for (after parallelization of the
wavenumber domain computations).
Next, the transfer functions from track to building are investigated. Large spatial and directional vari-
ation is observed if source–receiver interaction is quantified through the insertion gain ÎGi(x, ω) as defined
in equation (12). This is illustrated in figure 14, which shows insertion gains ÎGi(x, ω) for locations x cor-
responding to a grid of points located on the first floor of the four storey portal frame, within a range from
y = −10m to y = +10m. The power flow concept introduced in subsection 3.3 is applied to this case study
as well in order to obtain a global assessment of the interaction effects.
Figure 15 shows the P̂FIG(ω) in a frequency range from 0Hz to 80Hz for a distance Dt between the
track and the building varying from 9m to 29m (i.e. for tracks aligned from x = 15m to x = 35m), and for
the three soil types outlined in table 1. The minimal distance between the track and the strip foundations
is denoted as D = Dt − wt/2 − wsf/2. It can be expected that source–receiver interaction is unimportant
if the Rayleigh wavelength λR in the soil is very small compared to the source–receiver distance D . Lines
satisfying the relation ω = 6 × 2πCR/D (corresponding to frequencies at which the distance D is equal
16
xy
z
Dt
Figure 12: Railway track situated at a distance Dt from a four storey portal frame founded on three embedded strip foundations.
Vibrations during the passage of a freight train are evaluated at the locations indicated by a dot.
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Figure 13: (a) Modulus and (b) phase of the rail receptance uˆr(y = 0m, ω) due to vertical harmonic excitation of the rail for a
railway track on a soft soil situated at a distance Dt = 9m from the building, calculated with the uncoupled (solid black line)
and coupled (dashed grey line) approach.
to six Rayleigh wavelengths λR) are superimposed on figure 15, and it can indeed be observed that the
P̂FIG(ω) tends to 0 dB outside the region bounded by these lines. Through–soil coupling of source and
receiver affects the power flow input slightly if the Rayleigh wavelength is of the some order of magnitude
as the distance D . This differs from the observation in subsection 3.4 with a source located at depth, where
interaction effects are observed if the dimensionless distance D/λp becomes smaller than one. No clear trend
in the deviation between the coupled and uncoupled approach is apparent in figure 15, however. Moreover,
the overall influence of through–soil coupling remains situated between −1 dB and +0.5 dB, suggesting that
source–receiver interaction only plays a negligible roll on the transfer from source to receiver.
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Figure 14: Vibration insertion gains (a) ÎGx(x, ω), (b) ÎGy(x, ω) and (c) ÎGz(x, ω) on the first floor of the four storey portal
frame founded on three embedded strip foundations in a range y ∈ [−10m, 10m] (grey patch). Superimposed is the power flow
insertion gain P̂FIG(ω) (black line).
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Figure 15: Power flow insertion gain P̂FIG(ω) for a building founded on three embedded strip foundations in case of a (a) soft,
(b) medium, and (c) stiff soil. The distance Dt between track and building varies from 9m to 29m.
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4.3. Passage of a freight train
A comprehensive case study of the passage of a freight train on the railway track on the surface of a
medium soil is finally considered; both the coupled and uncoupled models are employed. The distance Dt
between the building and the track equals 9m (figure 12). The freight train has a speed v = 80 km/h and
is composed of two traction cars BB 22200, six Rilmms–R00 wagons, and 20 Sgss–S06 wagons [49]. The
number of axles Na, the carriage length Lt, the distance Lb between bogies, the axle distance La, and the
unsprung axle mass Mu of the carriages are summarized in table 4.3. Only these unsprung masses are taken
into account in the numerical model.
Na Lt Lb La Mu
[−] [m] [m] [m] [kg]
Traction car BB 22200 (2) 4 17.48 9.69 2.80 3130
Rilmms–R00 wagon (6) 4 14.04 9.00 1.80 1225
Sgss–S06 wagon (20) 4 20.64 15.60 1.80 1225
Table 2: Characteristics of the freight train.
Dynamic axle loads gˆ(ω) originating from the track unevenness uˆw/r(ω) are considered, assuming a track
with an unevenness profile according to the FRA class 3 [50]; the latter corresponds to a track of moderate
quality. The response due to a train passage is characterized by an increasing vibration level when the train
is approaching, a nearly stationary vibration level during the passage of the train and a decreasing vibration
level when the train moves away. It has been shown that the stationary part of the response can be well
approximated assuming that the dynamic axle loads are applied at fixed positions [51]; this assumption is
especially appropriate in case of long trains at a relatively low speed. This approach is therefore employed
in this case study.
Figure 16 shows the one–third octave band RMS spectra of the first axle load gˆ1(ω) of the freight train,
calculated with the uncoupled and coupled approach, respectively. Both curves coincide, indicating that the
presence of the building can be disregarded for a correct estimation of the dynamic axle loads.
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Figure 16: One–third octave band RMS spectra of the first axle load gˆ1(ω) of the freight train at a speed of 80 km/h, calculated
with the uncoupled (black line) and coupled (grey line) approach. The railway track is situated at a distance Dt = 9m from
the building.
Figure 17 shows the one–third octave band RMS spectra of the horizontal and vertical vibration velocity
at the mid–spans of the four floors on the right–hand side of the building (as indicated on figure 12).
A reasonable agreement between the uncoupled and coupled approach is obtained up to ± 30Hz. This
frequency approximately corresponds to the frequency at which the distance D = Dt−wt/2−wsf/2 between
the track and the strip foundations equals one Rayleigh wavelength λR in the soil, i.e. f = CR/D =
32.6Hz. The difference between the results is considerably larger at higher frequencies, however, indicating
that discrepancies between the coupled and uncoupled approach mainly arise if the Rayleigh wavelength
is comparable to the distance between source and receiver. As a train passage is considered (combining
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transfer functions from several axle positions to the building), the spatial variability of individual transfer
functions due to source–receiver interaction is much less pronounced. Furthermore, small frequency shifts of
these transfer functions are less apparent due to the presentation of the results in one–third octave bands.
As a result, the one–third octave band RMS spectra of the vibration velocities exhibit the same tendency
as the power flow insertion gain P̂FIG(ω) (figure 15).
5. Conclusions
The numerical prediction of vibrations in buildings due to railway traffic is a complicated problem where
wave propagation in the soil couples the source and the receiver. In this paper, it has been investigated
to which extent disregarding dynamic through–soil coupling of source and receiver affects the accuracy of
numerical vibration predictions; the generation of the dynamic axle loads as well as the transfer from source
to receiver have been considered. Two case studies have been addressed, considering a railway tunnel at
depth and a ballasted track at the surface of a homogeneous halfspace, respectively.
It has been demonstrated that source–receiver interaction does not significantly affect the track com-
pliance, which implies that the dynamic axle loads can be calculated with reasonable accuracy using an
uncoupled strategy in which through–soil coupling is neglected. This has been explicitly verified for the pas-
sage of a freight train on a ballasted track. If the transfer functions from source to receiver are considered,
however, significant local variations up to 10 dB in terms of pointwise vibration insertion gain are observed,
showing a large spatial and directional variability. The overall wave field, however, is only modestly affected
by the interaction as shown by a global comparison in terms of the mean vibrational energy entering a
building. The case study involving a railway tunnel has illustrated that the interaction between a source at
depth and a receiver only affects the power flow distribution if the dimensionless source–receiver distance
D/λp is smaller than one. This observation is in line with the rule of thumb commonly applied in seismic
engineering. For a railway track at grade, interaction effects are observed for a dimensionless source–receiver
distance D/λR smaller than six. The identified global deviations of ±2 dB (in terms of power flow insertion
gain) represent a relatively small margin. A similar tendency is revealed if the passage of a freight train is
considered, but the insertion gain at particular locations can easily reach 10 dB. This is of the same order
of magnitude as other sources of uncertainty described in the literature; this should hence be taken into
account when performing vibration predictions.
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Figure 17: One–third octave band RMS spectra of the horizontal velocity iωuˆx(x, ω) (left) and the vertical velocity iωuˆz(x, ω)
(right) at the (a) fourth, (b) third, (c) second, and (d) first floor of the four storey portal frame during to the passage of a
freight train at a speed of 80 km/h, calculated with the uncoupled (black line) and coupled (grey line) approach. The railway
track is situated at a distance Dt = 9m from the building.
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